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1. Introduction

The calculation of any atomic property requires knowledge of the wave

functions of the relevant atomic states. If we neglect the effects of rela-

tivity, these wave functionsΨn are solutions of Schrödinger’s equation

HΨn = ih̄
∂Ψn

∂t
(1)

The Hamiltonian H consists of the total kinetic energy of the N elec-

trons plus the total potential energy of the electrons due to their elec-

trostatic interactions with the nucleus and with each other:

H =

N
∑

i=1

(

−1

2
∇2

i −
Z

ri

)

+
∑

i<j

1

rij
(2)

where we have used atomic units (or Hartrees), for which h̄, the elec-

tronic charge (e) and the reduced mass (µ) are all set equal to unity.



In (2), rij = |ri − rj | and the nucleus is taken as the origin of coor-

dinates; Z is the nuclear charge.

Stationary state solutions of (1) take the form

Ψn({ri}, t) = Ψn({ri}) exp(−iEnt) (3)

so that |Ψn({ri}, t)|2 = |Ψn({ri})|2,

HΨn({ri}) = EnΨn({ri}) (4)

is the stationary state (time-independent) form of Schrödinger’s equa-

tion and En is the energy eigenvalue of the Hamiltonian H corre-

sponding to the wave function Ψn.



2. Hydrogen-like ions

For these one-electron systems. the Hamiltonian in (1) consists of just

one term from the first summation in (2). It is convenient to express

Schrödinger’s equation in spherical polar coordinates r, θ and φ:

HΨ = −1

2

[

1

r2
∂

∂r

(

r2
∂Ψ

∂r

)

+
1

r2 sin θ

∂

∂θ

(

sin θ
∂Ψ

∂θ

)

= +
1

r2 sin2 θ

∂2Ψ

∂φ2

]

+ V (r)Ψ

= EΨ (5)

This equation may be solved exactly by the separation of variables

method whereby the radial and angular parts of Ψ may be factorised

as:

Ψ(r, θ, φ) = Rnl(r)Y
m
l (θ, φ) (6)



Substitution of (6) into (5) leads to the following equations for Y m
l and

Rnl:

−
[

1

sin θ

∂

∂θ

(

sin θ
∂

∂θ

)

+
1

sin2 θ

∂2

∂φ2

]

Y = l(l + 1)Y (7)

and

−1

2

[

1

r2
d

dr

(

r2
dR

dr

)

− l(l + 1)R

r2

]

+ (V − E)R = 0 (8)

with V = −Z
r

. The requirement that Y m
l is single-valued leads to

the condition that l andm are integers satisfying −l ≤ m ≤ l, while

the square integrability of Rnl necessitates n also being an integer

with n > l.



The explicit form of Rnl is

Rnl(r) = N exp

(

−Zr
n

)(

2Zr

n

)l

L2l+1
n+l

(

2Z

n
r

)

where L is an associated Laguerre polynomial and N is a normalisa-

tion constant.

The functions Y m
l (θ, φ) are known as spherical harmonics and take

the form (for m ≥ 0)

Y m
l (θ, φ) = (−1)m

[

(2l + 1)

4π

(l −m)!

(l +m)!

]
1

2

Pm
l (cos θ)eimφ

(9)

with

Y −m
l (θ, φ) = (−1)m [Y m

l (θ, φ)]
∗



The interesting feature about (8) is that for any potential energy V

which is a function of r only (i.e. a central potential), and not of θ

or φ, then the angular dependence of the wave function would be a

spherical harmonic. As we shall see later, one of the fundamental

approximations used by Hartree in dealing with many-electron prob-

lems was to replace the potential energy by a set of central potentials,

thereby retaining the spherical harmonics as crucial in the construc-

tion of many-electron wave functions.



Angular Momentum

In classical mechanics a quantity which is often constant (e.g. for cen-

tral forces) is the angular momentum:

l = r × p

The equivalent quantum mechanical operator is the orbital angular

momentum

l = r × (−i∇)

In particular, in spherical polar components

lz = −i ∂
∂φ

(10)

and

l2 = l2x + l2y + l2z



= −
[

1

sin θ

∂

∂θ

(

sin θ
∂

∂θ

)

+
1

sin2 θ

∂2

∂φ2

]

(11)

Comparing with the expression for ∇2 or with (7), we see that −l2 is

just the angular part of ∇2, so Y m
l is an eigenfunction of l2 with

l2Y m
l (θ, φ) = l(l + 1)Y m

l (θ, φ) (12)

Moreover, by simple differentiation,

lzY
m
l = mY m

l (13)

Hence we see that l andm are related to the eigenvalues of the orbital

angular momentum and its z-component. The integer n is closely

related to the energyE:

En = − Z2

2n2
(14)



Commuting operators

Since the angular operators in ∇2 are identical with –l2 and indepen-

dent of r, then

[H, l2] = 0 (15)

We may also show that

[H, lx] = [H, ly] = [H, lz ] = 0

and

[l2, lx] = [l2, ly] = [l2, lz ] = 0

but

[lx, ly] = ilz (16)

so that the components of l do not commute with each other.

An important property of commuting operators is that they have a com-

mon set of eigenfunctions. Hence by (5), (12) – (16) we see that H ,



l2 and lz form a set of commuting operators with Ψ as a common

eigenfunction, so l,m, n are “good” quantum numbers.

The parity operator Π is also conserved:

Π : r → −r or (r, θ, φ) → (r, π − θ, π + φ)

and

ΠY m
l (θ, φ) = Y m

l (π − θ, π + φ)

= (−1)lY m
l (θ, φ)

so Y m
l and therefore Ψ is also an eigenfunction of Π. If l is even,

ΠΨ = Ψ and parity is said to be even; if l is odd, ΠΨ = −Ψ
and parity is said to be odd. Moreover, Π may be added to the set of

commuting operators.



Fine structure

In practice, most electronic energy levels of hydrogenic ions are not

single isolated values, but rather pairs of values, each pair of levels

being very close together. This small separation between the mem-

bers of a pair is an example of what is known as fine structure. rel-

ativistic treatment of the electron using Dirac’s equation rather than

Schrödinger’s equation. But if we expand Dirac’s equation in powers

of
v2

c2
, where v is the speed of the electron and c is the speed of light

and if only the leading terms in this expansion are retained then Dirac’s

equation reduces to a Schrödinger-type equation with Hamiltonian of

the form

Hfs = HSch +Hso =

(

−1

2
∇2 − Z

r

)

+
1

2
α2 Z

r3
l · s (17)

(plus some other terms which do not contribute to the splitting of the



energy level). In (17), α is the (dimensionless) fine structure constant,

with value approximately
1

137
and s is the spin of the electron. Hence

Hso is known as the spin-orbit operator. The spin operator s has

the properties of the angular momentum, (16), and is closely related

to the Pauli spin matrices:

s =
1

2
σ

where

σx =

(

0 1
1 0

)

; σy =

(

0 −i
i 0

)

; σz =

(

1 0
0 −1

)

The eigenvectors of σz are

(

1
0

)

and

(

0
1

)

.



But lx, ly, lz do not commute with Hfs. For example

[lz , Hso] =
1

2
α2 Z

r3
[lz , lxsx + lysy + lzsz] 6= 0

However, the full HamiltonianHfs does commute with the vector sum

of l and s:

j = l+ s (18)

This vector sum j also satisfies the angular momentum commutation

relations:

[jx, jy] = ijz (19)

and

[j2, jx] = [j2, jy] = [j2, jz] = 0

Then, for example,

[jz, Hfs] = 0



The set of commuting operators is then Hfs, jz , j2, l2, and s2, but

not lz or sz .

The eigenvalues of j2 and jz are j(j + 1) and mj where

|l − s| ≤ j ≤ (l + s) (20)

with s = 1
2 while j is in unit steps and mj = ml + ms. So in

practice j = l ± 1
2 with j = 1

2 if l = 0.

The changes in the energy arising from the inclusion of Hso can be

calculated by perturbation theory and, since α is small, first order per-

turbation theory suffices. The energy correction is then

〈Ψ|Hso|Ψ〉



where Ψ is the “zero-order” wave function which is the eigenfunction

of the Schrödinger Hamiltonian. Then

∆En =
α2

2
Z

〈

1

r3

〉

〈l · s〉

=
1

2
α2Z

〈

1

r3

〉[

1

2
〈j2 − l2 − s2〉

]

=
1

2
α2Z

〈

1

r3

〉

×
[

1

2
{j(j + 1)− l(l + 1)− s(s+ 1)}

]

(21)

where
〈

1

r3

〉

=

∫ ∞

0

[Rnl(r)]
2 1

r3
r2dr



Hence the separation in energy between the two fine-structure levels

corresponding to j = l ± 1
2 is

δEn = ∆En

(

j = l +
1

2

)

−∆En

(

j = l − 1

2

)

=
1

2
α2Z

〈

1

r3

〉(

l +
1

2

)

The separation is proportional to the larger value of j, which is a spe-

cific example of the Landé interval rule.



Key points to note

For one-electron ions

• Schrödinger’s equation can be solved

• The wave function is the product of a radial function and an angular

function

• The angular function is a spherical harmonic, so long as the poten-

tial is a purely radial function

• The (orbital) angular momentum operators commute with the Hamil-

tonian, so l and m are ’good’ quantum numbers

• Parity (odd or even) is preserved

• The energy is related to the principal quantum number n, which is

therefore also a good quantum number

• The introduction of relativistic effects requires the concept of Spin,

which also has angular momentum properties



3. Two-electron atoms and ions

Equation (18) is an example of the coupling of two angular momenta.

We meet a similar situation when we come to consider two electrons.

If we go back to Schrödinger’s equation, the Hamiltonian is

H = −1

2
∇2

1 −
1

2
∇2

2 −
Z

r1
− Z

r2
+

1

r12
(22)

Schrödinger’s equation can no longer be solved exactly.

Moreover, we find for example that

[H, l1x] 6= 0

Consider

[l1x, f(r
2
12)]ψ = l1x(fψ)− f(l1xψ) = ψ · (l1xf) (23)



since l1x is a differential operator. Now

l1xf(r
2
12) = −i

(

y1
∂

∂z1
− z1

∂

∂y1

)

[

f{(x1 − x2)
2 + (y1 − y2)

2 + (z1 − z2)
2}
]

= −2if ′(r212){y2z1 − y1z2}
Then by symmetry

l2xf(r
2
12) = −2if ′(r212){y1z2 − y2z1}

Therefore the sum of l1x and l2x does commute with H for, using

(23),

[l1x + l2x, H] = [l1x + l2x, f(r
2
12)]

= [(l1x + l2x)f ]

= 0



with f(r2) =
1√
r2

=
1

r
. A similar argument applies for the other

components. Hence the components of

L = l1 + l2 (24)

commute with H . So do the components of spin

S = s1 + s2 (25)

The coupling of angular momenta associated with (24) and (25) is

known as LS or Russell-Saunders coupling.

Let us suppose that ψj1m1
is an eigenfunction of j21 and j1z , while

ψj2m2
is an eigenfunction of j22 and j2z . Then we can construct

linear combinations of their products

ψjm =
∑

m1,m2

C(j1j2j;m1m2m)ψj1m1
ψj2m2

(26)



so that ψjm is an eigenfunction of j2 and jz , where

j = j1 + j2

The coefficients C are known as Clebsch-Gordan coefficients. In this

way, we can construct eigenfunctions of L2
, Lz and of S2

, Sz from

the eigenfunctions of l2i , liz : [i.e. the spherical harmonicsY mi

li
(θi, φi)]

and of s2i , siz : [i.e.

(

1
0

)

and

(

0
1

)

which it is customary to denote

by α and β]. If in addition, we wish to describe fine structure, we

would need to use intermediate (or LSJ) coupling in which the total

electronic angular momentum is given by

J = L+ S

But many-electron wave functions should also be antisymmetric with

respect to interchange of two sets of coordinates.



Wave functions for two-electron ions

It is convenient to label the electrons in a way similar to that used for

hydrogen: i.e. by (nl). Unlike hydrogen, these values of n and l

do not correspond to “good” quantum numbers, but they do represent

a useful approximation to this situation: in particular n gives a gen-

eral idea of the region of space in which the electron has the highest

probability of being found.

Consider two-electron states in which one electron is described as

1s, while the other is 2s. (We use the notation “s, p, d, f, g, ...” to

denote l=0,1,2,3,4,....) Then l1 = l2 = 0, therefore L = 0. But

s1 = s2 = 1
2 so we may have S = 0 or S = 1.

If we use (26) and further require that the wave function be antisym-



metric, we find that for S = 0:

Ψ(1, 2) =
1

2
[u(1)v(2) + v(1)u(2)]

1√
2
[α(1)β(2)− α(2)β(1)]

(27)

For S = 1:

Ψ(1, 2) =
1

2
[u(1)v(2)− v(1)u(2)]











α(1)α(2)
1√
2
[α(1)β(2) + α(2)β(1)]

β(1)β(2)
(28)

So for S = 1 there are three possible wave functions which corre-

spond to Ms = 1, 0,−1 respectively. Then S = 0 is a “singlet”

state, and S = 1 is a “triplet” state.



It is customary to label a state in a way which includes the angular

momenta:

In LS coupling, the label includes 2S+1L, where (2S + 1) takes its

numerical value and L is denoted by a letter according to S, P , D,

F , G, ... for L = 0, 1, 2, 3, 4,... respectively.

In addition, for odd parity states, it is customary to add the superscript

“o” following the letter denoting L. If LSJ coupling is used, the J -

value appears as a subscript to that letter.

Hence the singlet and triplet states above are written as 1S, 3S. The

1s2p state with L=1, S=1, J=2 would be written as 3P o
2 .



The functions u and v in (27) and (28) describe the 1s- and 2s- la-

belled electrons. But suppose now that both electrons are labelled

as 1s: so v = u. Then Ψ for S = 1 vanishes identically (so that

this state has a zero probability of occurring), whereas that for S = 0
does not. In this case, the electrons are said to be equivalent (same

n and l). Then

Ψ(1S) = u(1)u(2)
1√
2
{α(1)β(2)− α(2)β(1)} (29)



Variational principle

Suppose ψ0, ψ1, . . . are the complete set of eigenfunctions of the

Schrödinger equation based on (22) with eigenvalues E0, E1, . . .

ordered so that E0 is the lowest (for a particular L and S). Let ψ̃ be

any function. Then formally

ψ̃ =
∑

n

cnψn

is a complete set expansion, and

〈ψ̃|H|ψ̃〉 =
∑

n

∑

m

c∗ncm〈ψn|H|ψm〉

=
∑

n

|cn|2En

≥ E0

∑

n

|cn|2



= E0〈ψ̃|ψ̃〉

Therefore, for any ψ̃,

〈ψ̃|H|ψ̃〉
〈ψ̃|ψ̃〉

≥ E0 (30)

Hence we may allow ψ̃ to depend on various parameters, and then

vary these parameters so that the ratio on the left of (30) is as low

as possible. The expression (30) therefore constitutes a variational

principle for the lowest energy eigenvalue of a given L and S. In

particular, for ψ̃ expressed in the form (27) or (28), we may use this

principle to determine the optimal u and v.



Application to the two-electron ground state energy

For the ground state wave function (29), there is just one spatial func-

tion u. The integrals in (30) can be written as

〈ψ̃|H|ψ̃〉 = 2

〈

u

∣

∣

∣

∣

−1

2
∇2 − Z

r

∣

∣

∣

∣

u

〉

〈u|u〉

+

〈

u(1)u(2)

∣

∣

∣

∣

1

r12

∣

∣

∣

∣

u(1)u(2)

〉

and

〈ψ̃|ψ̃〉 = 〈u|u〉2

Perhaps the simplest approximation for u is

u = (4α3)
1

2 e−αrY 0
0 (θ, φ) (31)



which has the same general form as the one-electron function (6).

Then 〈u|u〉 = 1, and

2

〈

u

∣

∣

∣

∣

−1

2
∇2 − Z

r

∣

∣

∣

∣

u

〉

= α2 − 2Zα

〈

u(1)u(2)

∣

∣

∣

∣

1

r12

∣

∣

∣

∣

u(1)u(2)

〉

=
5

8
α

so that

〈ψ̃|H|ψ̃〉
〈ψ̃|ψ̃〉

= α2 − 2αZ +
5

8
α ≡ f(α)

Minimizing f(α) leads to:

αopt = Z − 5

16



and then

f(αopt) = −
(

Z − 5

16

)2

is the optimal value of E0 for a trial function given by (29) and (31).

Hence, for neutral helium, the lowest energy state (ground state) usu-

ally written as 1s2 1S, has energy

−
(

2− 5

16

)2

= −2.8476 a.u.

The optimal exponent is α = 27
16 = 1.6875. Had we chosen the

hydrogenic value of α = Z = 2, then the energy would have been

–2.75 a.u.

Hence the use of the variational principle (30) has resulted in a much

lower (and therefore much improved) energy. The difference,
5
16 , be-



tween Z and the optimal exponent is known as the screening con-

stant. In effect, instead of each electron seeing the full nuclear charge

Z , it is screened in part by the other electron, so that effectively it sees

only a charge of (Z − 5
16 ).

In fact, we have taken in (31) a very simple approximation for u. In the

next section we take more terms of the same form:

u =





∑

j

cjr
Ije−ζjr



× Y 0
0 (θ, φ)

The best 1s2 energy is then –2.86168 a.u.



Key points to note

For two-electron ions

• The wave functions must be antisymmetric with respect to inter-

change of pairs of coordinates

• Schrödinger’s equation can no longer be solved exactly

• The angular momentum operator components for individual elec-

trons no longer commute with the Hamiltonian

• But their sum does commute with H so that L and ML and simi-

larly S and MS are good quantum numbers

• If spin-orbit effects are included, only the sum J of the orbital and

spin angular momenta give rise to true quantum numbers

• The variational principle can be used to improve approximate wave

functions, but only for the lowest energy state of eachLSπ symmetry



4. Many-electron atoms and ions – Hartree-Fock method

The forms (27) and (28) for two-electron systems can be considered

as special cases of a type of wave function which can be readily de-

termined for atoms and ions with many electrons and which provides

the starting point for many state-of-the-art calculations currently being

undertaken.

Hartree’s method

The factorisation of the space and spin parts of the wave functions

(27) or (28) is not a property which carries over to many-electron sys-

tems. Hartree proposed that a wave function form be constructed

which retains this factorisation. He suggested writing the total N -

electron wave function ψ̃ as a product of one-electron functions ui,



each depending on the coordinates of just one electron:

ψ̃(1, 2, .., N) = u1(1)u2(2)...uN (N) (32)

so that

|ψ̃|2 = |u1|2|u2|2...|u2N |. (33)

Recalling that the probability of a sequence of independent events is

the product of their separate probabilities, (33) is implying that Hartree’s

model supposes each electron to be moving independently in the field

of the other electrons, that field for electron i being given by the po-

tential

Vi(ri) =
∑

j 6=i

∫ |uj(rj)|2
rij

dτj (34)

In order to solve the corresponding Schrödinger-type equation, Hartree

made the further approximation of replacing Vi(ri) by its spherical



average

Vi(ri) =

∫

Vi(ri)dΩi (35)

with the resulting set of equations

(

−1

2
∇2

i −
Z

ri

)

ui + Vi(ri)ui = εiui (36)

for the one-electron functions ui. The spherically symmetric nature of

the potential leads immediately (see equation (8)) to the requirement

that the angular dependence of ui is a spherical harmonic.

The Hartree-Fock method

The wave function (32) is not antisymmetric with respect to inter-

change of two coordinate sets (i) and (j). This problem was overcome

by Fock by replacing the simple product of one-electron functions (32)



by an antisymmetrised product, which can be written as the determi-

nant. For example, the wave function (29) can be written as:

Ψ(1s2 1S) =
1√
2

∣

∣

∣

∣

u(1)α(1) u(1)β(1)
u(2)α(2) u(2)β(2)

∣

∣

∣

∣

(37)

Moreover (27) and (28) can also be written as linear combinations of

determinants:



Ψ(1s2s 3,1S) =
1

2
√
2

[ ∣

∣

∣

∣

u(1)α(1) v(1)β(1)
u(2)α(2) v(2)β(2)

∣

∣

∣

∣

(38)

±
∣

∣

∣

∣

u(1)β(1) v(1)α(1)
u(2)β(2) v(2)α(2)

∣

∣

∣

∣

]

for MS = 0.

We can extend this to any number of electrons, by writing the wave

function in terms of one-electron functions or (spin-)orbitals:

φi(ri,msi) = u(i)[α(i) or β(i)] (39)

Then when a single determinant is sufficient to give eigenfunctions of



the angular momentum operators, the wave function will take the form

Ψ(LS) =
1√
N !

∣

∣

∣

∣

∣

∣

∣

φ1(1) · · · φN (1)
.
.
.

. . .
.
.
.

φ1(N) · · · φN (N)

∣

∣

∣

∣

∣

∣

∣

(40)

In general a sum of determinants, as in (38), will be required to ensure

an eigenfunction of the angular momentum operators.

By the properties of determinants, we may add any multiple of one

column to another, so we may choose 〈φi|φj〉 = 0 if i 6= j, and

we can normalize for the φi so that 〈φi|φj〉 = 1. Therefore we may

require

〈φi|φj〉 = δij (41)

The normalization factor in (40) then ensures that 〈Ψ|Ψ〉 = 1.



It is customary to write the {ui} as a product of a radial function and

a spherical harmonic:

ui(r) = Rnili(r)Y
mli

li
(θ, φ) ≡ 1

r
Pnili(r)Y

mli

li
(θ, φ) (42)

The orbitals {ui} (or more specifically the radial functions Pnili ) are

determined by requiring that 〈Ψ|H|Ψ〉 be minimized subject to the

condition 〈Ψ|Ψ〉 = 1, or, equivalently (41), where the Hamiltonian

is given by (2).

The variation in the constrained energy functional

δ



〈Ψ|H|Ψ〉 −
∑

i,j

εij〈ui|uj〉





with respect to small changes in {ui}, is set to zero. This leads to a



set of coupled integrodifferential equations:
(

−1

2
∇2

i −
Z

ri

)

ui(ri) +

∑

j 6=i

[

ui(ri)

∫ |uj(rj)|2
rij

dτj

−δ(msi ,msj )uj(ri)

∫

u∗j (rj)ui(rj)

rij
dτj

]

= εiui(ri)(43)

where εi = εii. This process is known as the Hartree-Fock (HF)

method, and (43) are the Hartree-Fock equations for the wave function

(40). Because of (42), we could calculate the integrals over the angles,

and obtain corresponding equations for {Pnili(r)}.

In (43), the first term corresponds to the sum of the kinetic energy and

the nucleus-electron potential energy. The remaining terms on the left



hand side correspond to the electron-electron interaction. Of these,

the first is of the form ui(ri)V (ri) and so is a local potential energy

term. It is known as the direct term and physically corresponds to the

potential associated with the electron charge density of all the other

electrons. But in the second term, we have a multiple of uj(ri), not

ui(ri), and so we do not now have a multiplicative potential. Formally

we can still write (43) as

[

−1

2
∇2

i −
Z

ri
+ V ′

]

ui(ri) = εiui(ri)

i.e. as a Schrödinger-type equation, but because of the last term on

the left hand side in (43), the potential V ′ is non-local. This last

term is known as the exchange term. It corresponds physically to the

possibility of the interchangeability of the indistinguishable electrons.

It is a characteristic feature of the antisymmetry of the wave function.



Hartree’s equations (36), for which the wave function was the simple

(rather than antisymmetrised) product of the orbitals (32), does not

contain this term. The parameter εi is known as the orbital energy.

In practice, the equations (43) – or their equivalents for Pnili – must

be solved iteratively. The simplest form of this process consists of:

1. Choose an initial guess for {ui}.

2. Construct the integrals in (43) and solve the resulting (eigen-

value) differential equations for a new set of {ui}.

3. Recompute the integrals and repeat until a satisfactory degree

of convergence – self-consistency – is reached.

This process is known as the self-consistent field (SCF) method. It

can be approached in two ways:



(a) numerically, in which the equations are solved numeri-

cally, yielding numerical tabulations of Pnl(r), typically

at equal intervals of loge r to ensure a larger num-

ber of tabulation points where the functions are varying

most rapidly. The most widely used computer program

to generate such functions is that of Froese Fischer [7].

(b) analytically, for example by representing Pnl(r) as a

linear combination of analytic basis functions:

Pnl(r) =
k

∑

j=1

cjnlr
Ijnl exp(−ζjnlr) (44)

or

Pnl(r) =
k

∑

j=1

c′jnlχjnl(r)



where χj is a normalized Slater-type orbital (STO) of

the form

χjnl(r) =

[

(2ζjnl)
2Ijnl+1

(2Ijnl)!

]

1

2

rIjnl exp(−ζjnlr)
(45)

The {ζjnl} are treated as variational parameters, and

the equations (43) are transformed into algebraic equa-

tions for the {ci} which are solved self-consistently.

A number of tabulations of the parameters in (45) for

HF orbitals exist in the literature. The largest collec-

tion is that of Clementi and Roetti [8], mostly for the

lowest energy states of atoms and ions with Z ≤ 54.

These have been extended to higherZ by McLean and

McLean [9] and by Snijders et al [10]. A new evaluation

of these parameters has been reported by Koga et al



[11]. More specific sets of orbital parameters exist for

the ground and excited states of Li [12] and for ions of

C,N,O [13]. For the exercises given at the end of the

chapter, we include the parameters provided by Tate-

waki et al [21] for Be-like ions.



Key points to note

• Hartree’s method is simple in concept but fails to deal with the indis-

tinguishability of the electrons, nor is the wave function antisymmetric

with respect to interchange of coordinates

• The Hartree-Fock method overcomes these difficulties and as a re-

sult introduces a new concept – that of exchange (or electrons) – but

at the expense of a non-local potential

• It is customary to write each (spin-)orbital function as the product of

a radial function, a spherical harmonic and a spin function (α or β)

• The HF equations are obtained using the variational principle ap-

plied to determinants of orbitals. They are non-linear integro-differential

equations and have to be solved iteratively until self-consistency is

reached. This is done either numerically or analytically

• The one-electron eigenvalue is approximately the ionisation poten-

tial for that electron



5. Configuration interaction

The Hartree-Fock method introduces a number of approximations which

result in wave functions which do not describe all that accurately the

atomic states being studied. The HF wave function consists of a sin-

gle determinant, (or a linear combination in order to ensure an eigen-

function of the angular momentum operators) with the elements as

one-electron orbitals to each of which is associated a single spherical

harmonic. We wish now to consider how to lift such restrictions.



Before we consider the general problem, let us explore the two-electron

case and treat the HF method as a first approximation. The ground

state of helium is usually denoted by 1s2 1S. This is really a repre-

sentation of the HF approximation. The individual li of the electrons

are coupled to give L, recalling that

|l1 − l2| ≤ L ≤ (l1 + l2)

We can therefore obtain L = 0 by having l1 = l2 = 0. But we can

also obtain L = 0 for any values of l1 and l2 for which l1 = l2.

So, e.g. 2p2 or 3d4d . . . are equally possible from the point of view

of the angular momenta. The labels “2”, “3”, “4” may simply serve to

distinguish between radial functions of the same l, rather than indicate

the size of their mean radii (as in the case of the HF orbital functions).

But still the angular momenta of these orbitals must couple to form
1S.



So a more flexible form of wave function for the state labelled 1s2 1S

in HF would be

Ψ(1S) = a1Φ1(1s
2 1S)+a2Φ2(1s2s

1S)+ a3Φ3(2s
2 1S)+. . .

+a4Φ4(2p
2 1S) + a5Φ5(2p3p

1S) + . . .

+a6Φ6(3d
2 1S) + . . .

Similarly for the 1s2p 1P o state:

Ψ(1P o) = b1Φ1(1s2p
1P o) + b2Φ2(1s3p

1P o) + . . .+

b3Φ3(2s2p
1P o) + b4(2s3p

1P o) + . . .+

b5Φ5(2p3d
1P o) + . . .

where we now have, in all cases, |l1 − l2| = 1 = L.



The assignments of the electrons to orbitals (1s, 2p, . . .) together

with the angular momentum coupling, are known as configurations,

and the process for finding the coefficients {ai}, {bi} as well as the

radial functions involved in these one-electron orbitals is known as the

method of configuration interaction (CI). The {Φi} are often called

configuration state functions (CSFs).

These wave functions can be written in the general form

Ψ(LS) =

M
∑

i=1

aiΦi(αiLS) (46)

where {αi} denote all the distinguishing features of Φi other than

L and S. The summation in (46) should in theory be infinite but in

practice a finite value has to be used.



Optimisation of the expansion coefficients

We shall first of all see how to determine the expansion coefficients

{ai}. If we use (46) in a variational principle and assume the {Φi}
(including their radial functions) are fixed, and hence that the only vari-

ational parameters are the {ai}, then

δ[〈Ψ|H|Ψ〉 − E{〈Ψ|Ψ〉 − 1}] = 0

becomes

δ





∑

i

∑

j

aiaj〈Φi|H|Φj〉−E







∑

i

∑

j

aiaj〈Φi|Φj〉 − 1









=0

therefore
∑

j

aj (Hij − Eδij) = 0 (47)



assuming 〈Φi|Φj〉 = δij and we have written

Hij = 〈Φi|H|Φj〉 (48)

Then the possible values for the Lagrange multipliersE are the eigen-

values of the Hamiltonian matrix with general element Hij , and the

{ai} are the components of the corresponding eigenvector.



Optimisation of the CSFs

We can derive an alternative form of the variational principle which

allows us to optimise the CSFs – specifically, the radial functions of

the one-electron orbitals. To do this, we need to use the Hylleraas-

Undheim theorem. Let

E
(M)
1 < E

(M)
2 < . . . < E

(M)
M

be the M ordered eigenvalues of the Hamiltonian matrix arising from

(46). Suppose we add one further configuration function ΨM+1. The

new eigenvalues are then (again ordered)

E
(M+1)
1 < E

(M+1)
2 < . . . < E

(M+1)
M+1

The Hylleraas-Undheim theorem gives

. . . E
(M)
i−1 < E

(M+1)
i < E

(M)
i < E

(M+1)
i+1 . . . (49)



i.e. the eigenvalues for the (M + 1) case interleave those for M .

Now consider adding more configurations. Then (49) implies that

E
(M)
i > E

(M+1)
i > E

(M+2)
i > . . .

If we were to extend the expansion (46) to a complete set, we would

obtain

E
(M)
i > Eexact

i (50)



We have already seen that (30) provides a variational principle for the

lowest energy state for each LS symmetry. As well as giving a physi-

cal meaning to the eigenvalues of the matrix (as upper bounds to the

corresponding energies), (50) provides a variational principle for any

excited state and in particular for the orbitals on which it depends. It

has been customary to assume that, as with the HF method, the or-

bitals form an orthonormal set, although some lifting of that restriction

has recently been investigated and used in configuration interaction

calculations [15]. The calculated eigenvalue E
(M)
i will depend on

the radial functions used in {Φi}. If we treat the parameters of these

functions as variational parameters, we can use any eigenvalue as the

variational functional. So we can optimize these parameters to give as

good a representation as possible for any atomic state.

This process is employed in the program CIV3 [16] which is asso-

ciated with this chapter. This code therefore uses an analytic repre-



sentation of the radial functions as in (44). Alternatively, (50) could

be used to set up integrodifferential equations for the radial functions,

in a manner similar to the derivation of the HF equations. This is the

basis of the multiconfigurational Hartree-Fock (MCHF) method. Again

the MCHF code of Froese Fischer [17] has been very widely used. As

with her HF code [7], the radial functions are determined numerically,

by solving the integrodifferential equations self-consistently. One ma-

jor difference between the HF and MCHF methods is the need in the

latter to solve the secular equation (47) at each stage of the iteration.



Correlation energy

If we include the Hartree-Fock configuration as Ψ1 in (46), then we

will do at least as well as the HF approximation. In practice, we will

do better. The improvement in energy is known as the correlation

energy:

Ecorr = Eexact − EHF
(51)

For the ground state of helium, the energies (in a.u.) are

EHF = −2.86168

Eexact = −2.90372

Ecorr = −0.04204



It is interesting to observe how this is achieved as more and more

configurations are included. Let us write, in keeping with (46):

Ψ(1s2 1S) =
∑

m,n

amnΦ(msns) +
∑

m,n

bmnΦ(mpnp)

+
∑

m,n

cmnΦ(mdnd) +
∑

m,n

dmnΦ(mfnf)

+ . . . (52)

Then the cumulative contribution to Ecorr is as follows:



Bunge [18] up to m,n=6

s-limit -2.87903 -2.87900

+ p-limit -2.90051 -2.90045

+ d-limit -2.90275 -2.90270

+ f -limit -2.90331 -2.90323

+ g-limit -2.90347 -2.90339

.

.

.
.
.
.

.

.

.

exact -2.90372

(non-rel)

Each row contains the cumulative effect of adding the summations

in (52). The calculations of Bunge [18] are very extensive, including

configurations with m,n ≤ 10. A less extensive set of calculations

is recommended as one of the exercises at the end of this chapter. If

we take orbitals up to m,n = 6, then the final column of results is



obtained. Two features emerge:

(a) convergence with respect to m,n is reasonably fast;

(b) convergence with respect to l is comparatively slow.



Choice of configurations

In the case of the ground state of helium, the type of configurations

which were possible was fairly straightforward to determine. As the

number of electrons increases, the choice of configurations becomes

more of an art. It is convenient to classify them, and we follow the

scheme of Sinanoğlu and coworkers [19].

Let us consider the specific example of carbon: the HF configuration

for the ground state is 1s22s22p2 3P .

There are three types of correlation effect:



1. Internal correlation

The configurations are constructed using the set of orbitals

(known as the Hartree-Fock sea) which are either occupied

in the HF configuration or have the same n-value as those

which are. In the case of carbon, since the total parity must

be preserved, we would include the configuration 1s22p4 3P ,

obtained from the HF configuration by the replacement 2s2 →
2p2. In principle, the replacement 1s2 → 2p2 would also

be possible, giving the configuration 2s22p4 3P . However,

since the shell model of the atom is quite good, at least in the

sense that the mean radii of the radial functions describing the

shells are quite different, this configuration would have a small

coefficient ai in (46) and it would normally be omitted if only

fairly simple wave functions were required.



2. Semi-internal correlation

This type of correlation is included for an N -electron atom or

ion by using configurations constructed so that (N -1) orbitals

are from the HF sea and one is from outside it. For exam-

ple, for the ground state of carbon, configurations could in-

clude 1s22s3d2p2 3P , corresponding to a straight replace-

ment 2s → 3d from the HF configuration, or 1s22p34f 3P

which involves a different choice of orbitals from the HF sea

from that of the HF configuration.



3. All-external correlation

The configurations associated with this type of correlation con-

tain two or more orbitals from outside the HF sea. For exam-

ple, for the ground state of carbon, they could include 1s22s23p2
3P or 1s22p23p2 3P .

Hence a fairly simple CI wave function for the ground state of carbon

might be

Ψ(3P ) = a1Φ1(1s
22s22p2) + a2Φ2(1s

22p4)

+a3Φ3(1s
22s3d2p2) + a4Φ4(1s

22p34f)

+a5Φ5(1s
22s23p2) + a6Φ6(1s

22s23d2)

+a7Φ7(1s
22p23s2) + a8Φ8(1s

22p23p2)

+a9Φ9(1s
22p23d2)

+a10Φ10(1s
22s2p3s3p) (53)



In fact, the wave function is more extensive than this might seem. For

example, in Φ3, three possible couplings are allowed:

[1s2(2s3d)1,3D 2p2(3P )]3P and [1s2(2s3d)3D 2p2(1D)]3P .

The expansion (53) includes only the HF sea together with the or-

bitals 3s, 3p, 3d, 4f . Comparison with the case of the ground state

of helium discussed in the previous subsection indicates that such an

expansion would give an energy which would be far from converged

with respect either to n or to l. If energies converged to several dec-

imal places are desired, then it is necessary to include orbitals (nl)

with high values of n and l. Bearing in mind that each assignment of

electrons can be acssociated with several sets of angular momentum

couplings (as in Φ3 above), the size of the CI expansion (46) can grow

rapidly.



Current state-of-the-art atomic structure calculations routinely include

several thousand or even several tens of thousands of CSFs, even for

light atoms and ions. However, if one wishes to consider properties

such as oscillator strengths (see the next section) which involve the

difference between two energies rather than the two energies sepa-

rately, an accurate value for this difference can frequently be obtained

with fewer CSFs than would be needed for the energies individually.

Moreover, the dominant terms in (46), i.e. those with the largest coeffi-

cients {ai}, come from internal and semi-internal correlation effects.

The former necessarily give rise to only a few configurations. The

latter can also be represented by limited CI. If the radial functions of

the orbitals outside the HF sea are determined variationally, normally

only one is needed for each l-value (or perhaps one per shell for each

l-value) because for semi-internal correlation configurations, these or-

bitals occur only in a linear way. It is the all-external correlation which



gives rise to the large numbers of orbitals and configurations and the

slow convergence of the energies. For many calculations, particularly

of oscillator strengths, much of the physics can be obtained by includ-

ing the internal and semi-internal correlation fully and only a limited

amount of all-external correlation.



Calculation of several states simultaneously

Up to now we have been concerned with the calculation of a wave

function for a single state. In many situations, wave functions for sev-

eral states are required in a single calculation. An obvious example

is the calculation of the oscillator strength of an atom undergoing a

transition from one state to another. In other cases, there may be two

or more states of the same LS symmetry required.



While the CI expansion (46) for an isolated state may have one domi-

nant term (Φ1, the HF configuration) with a1 ≃ 0.9, the CI expansion

of states which have the same LS symmetry might involve two or

more configurations with |ai| ≥ 0.5. For example, the two 2D states

(1s22s22p63s3p2 and 1s22s22p63s23d) of Si II interact strongly

[20] giving rise to a CI expansion (even with just these two configura-

tions included) for the former state as

Ψ(3s3p2) = 0.82Φ1(3s3p
2)− 0.57Φ2(3s

23d)

In undertaking calculations which involve several states, it is neces-

sary to include correlation effects to the same extent in each state.

This can be difficult to achieve, but the optimisation of different orbital

radial functions on the energy eigenvalues of different states, using

(50), greatly facilitates this.



A sequence of calculations of increasing size is given in [20] (the en-

ergies are given in cm−1). The state labels are:

X - 3s23p 2P o ; Y - 3s3p2 2D ; Z - 3s23d 2D .

Calc Z – X Y – X Z – Y

A 79257 53955 25302

B 79031 53994 25037

C 79169 54323 24846

D 79403 54567 24736

E 79286 54881 24405

F 79403 55254 24149

Expt 79157 55127 24030

Notice that while the first column stays fairly constant, the third changes

more significantly and results in important changes in the CI mixing

coefficients.



Key points to note

• CI represents an improvement on HF, to an extent depending on

the size of the CI expansion, the choice of the configurations and the

method of determining the radial orbital functions

• The energies of atomic states are represented by the eigenvalues

of the Hamiltonian matrix, while the eigenvector components give the

mixing (or CI) coefficients

• Any eigenvalue (not just the lowest) can be used as a variational

functional to optimise the radial functions.

• Correlation energy (the improvement over HF) can usefully be cat-

egorised into internal, semi-internal and external correlation; the first

two can be represented by finite CI; for external correlation, the CI ex-

pansions are in principle infinite

• The n and l of the orbitals are no longer good quantum numbers,

though the l-value indicates the associated spherical harmonic
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